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Linear coupling between the transverse planes together with the tune separation
Q Qh v−  is important for Landau damping of coherent instabilities. Often beam stability
is found to be more critical in one of the transverse planes. Overall stability can then be
improved by tuning the coupling and/or the tune split, to transfer a certain amount of
Landau damping from the stable to the unstable plane. The transverse tune spreads, the
skew gradient (due to skew quadrupoles or solenoids) and the tune separation are four
major parameters that can be used to damp transverse coherent instabilities. A stability
criterion for both coasting and bunched beams (with long and short-range interactions)
is derived using these parameters, considering the smooth approximation and Lorentz
spectra for the transverse tune spreads (an “elliptical” tune distribution is also discussed
at the end of the paper and a simple example is treated). These assumptions should be
sufficient to expose the essential physics of the topic. To obtain quantitative results
concerning the sharing of Landau damping between the transverse planes, we discuss
the case of a coasting beam without horizontal tune spread in a circular vacuum pipe of
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21 Introduction
In high energy accelerators there are two sources of linear coupling insofar as single
particle motion is concerned: skew quadrupolar fields, and, occasionally, solenoidal
fields. Even in the absence of “normal” skew quadrupoles and solenoids, there always
exists a certain amount of linear coupling due to alignment errors of the regular
quadrupoles. We will show in this report that linear coupling together with the tune
separation Q Qh v−  can have a stabilising effect against coherent instabilities through
Landau damping.
Three models of beams are considered: (i) a coasting beam, (ii) a rigid bunched beam
(long-range interaction), (iii) a bunched beam with head-tail modes (short-range
interaction). For simplicity, we use the smooth approximation and Lorentz spectra for
the transverse tune spreads. The Lorentz assumption is discussed at the end of this
paper and the case of an “elliptical” distribution is also partially treated.
2 Coasting beam
2.1 Equations of motion
The following transverse equations of motion of a single particle are used, taking into
account four types of forces[1]:
1)  the external focusing forces that depend on the horizontal deviation x  (resp. the
vertical deviation y ) of the particle from a fixed reference (the centre of the
chamber);
2)  the coherent space-charge forces that depend on the deviation < >x  (resp. < >y )
of the beam centre from the centre of the chamber at the azimuth of the particle;
3)  the incoherent space-charge forces that depend on the deviation x x− < >  (resp.
y y− < > )  of the particle from the beam centre;
4)  the coupling forces, represented by the normalised skew gradient, that make the
vertical (resp. horizontal) deviation appear in the horizontal (resp. vertical) equation
of motion of the particle.
( ) ( ) ( )d x
ds
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Here s  is the azimuthal coordinate, Kx y
f
,
 are the horizontal and vertical external
focusing forces, K 0  is the normalised skew gradient, Kx y
c
,




transverse coherent and incoherent space-charge forces (generalised to include the
effects of resistive walls, cross-section variations, etc.). Later we shall look at the
relation between these coefficients and coupling impedances. Expressing Eq. (1) in
terms of time t  instead of s  and using the smooth approximation yields
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Here a point denotes the derivative with respect to t , ω x y,  are the transverse betatron
frequencies (which depend on Kx yf,  and Kx yic, ), Ω  is the (common) revolution
frequency of the particles and R  is the radius of the machine.
2.2 Dispersion relation
In the following, we will assume transverse betatron frequency spreads specified by
externally given beam frequency spectra.
2.2.1 General betatron frequency spectra
The ensemble of particles has spectra with the distribution functions ρ ωx y x y, ,( ) .
Following the standard procedure of identifying normal mode frequencies, we look for
particular solutions of the form
x X e j t= 0
ω
       
y Y e j t= 0
ω (4)
Let us assume that ρ ωx x( )  and ρ ωy y( )  are uncorrelated and that K1 , K2  and Ksq  are
the same for all the particles. Substituting Eqs. (4) into the first equation of Eqs. (2) and
integrating over the spectra ρ ωx y x y, ,( )  yields
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A similar equation is found by reversing the role of the variables x  and y , replacing
K1  by K2 . To be consistent, the following dispersion relation must be satisfied
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2.2.2 Lorentz betatron frequency spectra
In this case the distribution functions centred at ωx0  and ω y0  are written as
                             ( ) ( )ρ ω
ω
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where ∆ωx y,  are measures of the width of the spectra (half width at half maximum).
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assuming ω ω ω≈ ≈x x0  (assumption commonly used although the frequency spectra
extend to infinity). Substituting Eq. (8) into Eq. (6) yields
( )( ) ( )( )2 20 0 1 0 0 2 2ω ω ω ω ω ω ω ωx x x y y y sqj K j K K− + − − + − =∆ ∆          (9)
Introducing the coupling coefficient a  defined by
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the dispersion relation becomes
 ( )( ) ( )( )ω ω ω ω ω ω− ′ + ′ − ′ + ′ =x x y yj j a0 0 2∆ ∆     (11)
with
( ) ( )′ = −ω ω ωx y x y x yK0 0 0 0 1 2 0 02, , , ,Re /
(12)
( ) ( )∆ ∆′ = −ω ω ωx y x y x yK, , , ,Im /1 2 0 02
The dispersion equation has two solutions for ω  which correspond, in the absence of
coupling, to the horizontal and vertical coherent betatron frequencies. In the presence of
coupling, the solutions represent the two coherent oscillation modes of the coupled
system. Coherent motions of the form e j tω  are considered; therefore, for each solution
ω , ( )Re ω  describes the coherent oscillation frequency and ( )− Im ω  describes the
instability growth rate. Thus, to be stable, a coherent oscillation mode must satisfy
( )Im ω ≥ 0. Let us call τ x y,−1  the growth rates without coupling and τ x y0 01,−  the growth
rates with neither coupling nor Landau damping. According to Eqs. (11) and (12), one
has
 ( ) ( )τ ωx y x yK0 01 1 2 0 02, , ,Im /− =  τ ω τ ωx y x y x y x y, , , ,− −= − ′ = −1 0 01∆ ∆ (13)
2.3 Stability criterion for Lorentz spectra
The determinant of the dispersion equation (11) is
          
Det A jB= +   (14)
where A  and B  are real numbers given by
( ) ( )A ax y x y= ′ − ′ − ′ − ′ +ω ω ω ω0 0 2 2 24∆ ∆
(15)
( )( )B x y x y= ′ − ′ ′ − ′2 0 0ω ω ω ω∆ ∆
5The two coherent oscillation modes of the coupled system are then given by
ω ω ω ω ω± = ′ + ′ ±
+ +














2 2 20 0
2 2 2 2
x y x y
B
B
A A B j A A B∆ ∆  (16)
with B B/ = 1 when B = 0 . From Eqs. (11) and (16), in the absence (resp. presence)
of coupling, the imaginary parts of ω±  write
                ( )Im
,
ω ω± = ′∆ y x              ( ) ( )Im ,,ω ω δ± = ′∆ y x C a# (17)
Here ( )C a,δ  is a coupling function given by





   (18)
with
          ( )δ ω ω= − = −x y x yQ Q0 0 0 0Ω             (19)
that describes the central tune separation (this is the difference between the centres of
the transverse betatron frequency spreads). A detailed analysis of the coupling function
is made in section 2.5. We anticipate that, in the interesting case where ∆ ′ <ω x 0  and
∆ ′ >ω y 0  (i.e. the horizontal and vertical planes are unstable and stable respectively
without coupling), ( )C a,δ  varies between 0 and ( ) /∆ ∆′ − ′ω ωy x 2  depending on the
values of the pair ( )a,δ . Inserting the maximum of ( )C a,δ  into Eq. (17) gives
   ( )Im ω ω ω± = ′ + ′∆ ∆x y2  (20)
The case where ( )C a,δ  reaches its maximum will be referred to as “full coupling”. It is
“strictly” obtained on the coupling resonance Q Qh v=  for a coupling coefficient a  that
verifies ( ) ( )( )a y x y x≥ − − −− −∆ ∆ω ω τ τ01 01 2/  (see Eqs. (13), (27) and (41)). Eq. (20)
yields a necessary condition for stability which is
         
∆ ∆′ + ′ ≥ω ωx y 0     (21)
2.3.1 Stability criteria for zero and full coupling
















6This means that in each plane the stability is obtained when the frequency spread is
greater than the instability growth rate with neither coupling nor Landau damping. With
full coupling (see section 2.5), these two criteria reduce into the following stability
criterion:
   







Eq. (23) shows the beneficial effect of the coupling. Even in the absence of frequency
spread in one plane, a coherent instability can be damped thanks to the other plane:
Landau damping is transferred from the stable to the unstable plane. It also can be seen
that if the two planes are stable without coupling then they remain stable with full
coupling. In the same way, if the two planes are unstable without coupling then they
remain unstable with full coupling. The interesting case is thus when one of the two
planes is unstable.
2.3.2 Stability criterion for general values of the coupling strength
We consider the case of one potentially unstable transverse plane, i.e. we assume that
∆ ′ >ω y 0 , so that there is no coherent vertical instability without coupling, but
∆ ′ <ω x 0 , so that there is a coherent horizontal instability without coupling. If the
condition of Eq. (21) is fulfilled, then it is possible to stabilise the beam in the two
planes by choosing a pair ( )a,δ  that verifies ∆ ′ + ≥ω δx C a( , ) 0  (the other condition
∆ ′ − ≥ω δy C a( , ) 0  is automatically fulfilled if Eq. (21) is verified). The following
stability criterion is then obtained:
Coasting beams are stabilised against transverse coherent instabilities with growth rates




 (i.e. growth rates in the absence of frequency spread and coupling) if:
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The minimum value of the coupling coefficient a  that stabilises the beam can be found
by solving the following equation
      
( )C a x x,δ τ ω= −−01 ∆  (25)
From Eqs. (3), (10) and (25), the corresponding minimum value of the normalised skew
gradient K 0  (as a function of δ ) can be deduced:
   
( ) ( ) ( )K
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Eq. (26) exhibits an important property: coupled Landau damping of transverse
coherent instabilities does not depend on the sign of the skew gradient nor the sign of
the tune separation Q Qh v−  (see Eq. (34) for the definition of the coherent tunes).
72.4 Relation with the usual dispersion relation coefficients
In the literature on transverse coherent instabilities it has become customary to use the
dispersion relation coefficients of Sessler, Neil and Laslett[3], U SNL  and V SNL , which
are simply related to the real and imaginary parts of the average of the transverse force
over the beam cross section. The coefficients K1 2,  used in the present paper are related
to U SNL  and V SNL  by
 ( ) ( )Re /, , ,K Ux y x ySNL1 2 0 02ω =   ( ) ( )Im /, , ,K Vx y x ySNL1 2 0 02ω = (27)
From Eqs. (13) and (27) we deduce that Vx ySNL,  are the instability growth rates with
neither coupling nor Landau damping (τ x y0 01,− ). Alternatively, U SNL  and V SNL  can be














where I0  is the beam current, ∆ p  is the peak amplitude of the transverse beam
oscillations and < >Ft  is the average of the transverse force over the beam cross
section. This yields a relation that permits conversion of the dispersion relation
coefficients to transverse impedances







where Z0 377= Ω  is the free space impedance, Q  is the transverse coherent tune, N  is
the number of particles in the coasting beam and rp  is the proton classical radius. In
practice, the different transverse impedances seen by the beam have to be added up (for
each frequency) from the contributions due to space-charge, smooth chamber walls,
bellows, cavities, cross-section variations, clearing and pick-up plates, kickers, etc.
With the total value, the beam stability can then be evaluated. Expressed in terms of
dispersion relation coefficients, the stability criterion (24) becomes
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and ( )K 0 min δ  is given by (see Eq. (26))
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8The plot of ( )K 0 min δ  (which represents the stability boundaries) is a symmetric curve
with respect to the horizontal axis (see Fig. 1). In the upper plane, this curve reaches a
minimum near δ = 0
 
(the minimum is exactly reached for δ = 0  in the particular case





= ). Fig. 1 exhibits two stability regions for the normalised skew
gradient K 0  and the tune split δ .













Fig. 1: Normalised skew gradient vs. central betatron frequency separation for coasting beams.
The minimum of the boundary function ( )K 0 min δ  is given by
    ( ) ( )( )K R V Vx y x xSNL y ySNL0 0 2 2 0 02min = − − −Ω ∆ ∆ω ω ω ω       (32)
It is reached (see Eq. (31)) for
                  
δ0 = −U UxSNL ySNL                  (33)
which represents the coupling resonance Q Qh v=  of the coherent tunes, defined by
                          ( )Q Uh v x y x ySNL x y, , , ,/ /= − = ′ω ω0 0 0 0Ω Ω       (34)
If the absolute value of the normalised skew gradient K 0  in the machine is greater
than ( )minK 0 0 , then it is possible to damp the transverse coherent instabilities
(corresponding to the dispersion relation coefficients U x ySNL,  and Vx ySNL, ) by getting closer
to δ0  and/or by increasing the normalised skew gradient, as shown on Fig. 1 where we
go from the unstable working point I to the stable working points
 
S1, S2 and S3. If K 0
is smaller than ( )minK 0 0 , then K 0  must be increased up to a value greater than
( )minK 0 0  whatever the value of the tune separation is.
92.5 Sharing of Landau damping between the transverse planes
The sharing of Landau damping is investigated for the case of circular geometry (or
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horizontal tune spread, that is
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. It can be normalised by the frequency spread ∆ω y , in order to reduce
the number of variables:
     
( ) ( )′ ′ ′ = = − − ′ − ′ + − + ′ + ′ + ′C a C a a a
y
( , ) ,δ δ
ω
δ δ δ2 1 1
2





 ′ = =a
a K R
y x y y∆
Ω













represent the coupling and the tune separation respectively. It is then possible to study
the transfer of Landau damping from the vertical plane, represented by ∆ω y , to the
horizontal plane where there is no Landau damping ( ∆ω x = 0 ) in the absence of
coupling. By virtue of Eq. (17), ′ ′ ′C a( , )δ  represents the normalised amount of Landau
damping transferred into the horizontal plane and lost by the vertical one: we will call it
the sharing function. In the next two sections, we will look at the variation of ′ ′ ′C a( , )δ
as a function of ′a (resp. ′δ ) for given values of ′δ  (resp. ′a ). An important property
of ′ ′ ′C a( , )δ  is that it doesn’t depend on the sign of the coupling coefficient ′a  nor the
sign of the tune separation ′δ .
2.5.1 Constant tune separation
Three plots of ′ ′C a( )  are represented below for ′ =δ 1, ′ =δ 0 25.  and ′ =δ 0
respectively:





























Fig. 2: Sharing function ′ ′C a( )  for: (a) ′ =δ 1; (b) ′ =δ 0 25. ; (c) ′ =δ 0 .
One sees that ′ ′C a( )  increases with ′a , for any value of ′δ , from 0  to 1 . However,
the rate at which this growth occurs increases when ′δ  decreases. The smaller the tune
separation, the better the sharing. When ′ =δ 0 , the maximum of the sharing function is
reached for ′ ≥a 05. . In that case, it is sufficient to consider values of ′a  that are
smaller than or equal to 0.5. Whatever the value of ′δ  is, the sharing of Landau
damping between the transverse planes varies between 0 (no coupling) and ′ =C 1 i.e.
C y= ∆ω / 2  (full coupling). Therefore, for a given tune separation, if Eq. (21) is
verified, then it is always possible to stabilise the beam by increasing the coupling.
2.5.2 Constant coupling
Three plots of ′ ′C ( )δ  are represented below for ′ =a 0 45. , ′ =a 05.  and ′ =a 5
respectively:


























Fig. 3: Sharing function ( )′ ′C δ  for: (a) ′ =a 0 45. ; (b) ′ =a 0 5. ; (c) ′ =a 5 .
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′ ′C ( )δ  decreases with ′δ , for any value of ′a , from a value that depends on ′a  to 0 .
However, the rate at which the diminution occurs decreases (for ′ ≥a 05. ) when ′a
increases. The greater the coupling, the better the sharing. If ′ ≥a 05. , then ′ =C ( )0 1.
In that case, there is full sharing of Landau damping between the transverse planes,
each having ∆ω y / 2 , at the resonance. But, if ′ <a 0 5. , the maximum of ′ ′C ( )δ  is
′ <C ( )0 1 (depending on ′a ). An equal sharing of Landau damping between the
transverse planes is thus impossible. The smaller ′a , the smaller the sharing and, if
′ =a 0 , the sharing between the two planes is impossible whatever the value of ′δ  is. If
there is no linear coupling in the machine, it is thus useless to try to damp transverse
coherent instabilities by reducing the tune separation.
In conclusion, if Eq. (21) is verified, it is possible to damp the transverse coherent
instabilities corresponding to Eqs. (35). Adjusting the coupling and the tune separation
allows to transfer Landau damping (up to ∆ω y / 2 ) from the stable to the unstable plane
and to choose new working points.
For the general case of arbitrary beam, chamber geometry and tune spreads in both
planes, similar results are obtained. The coupling function ( )C a,δ  can be normalised in
a similar way:
     
( ) ( )′ ′ ′ = = − − ′ − ′ + − + ′ + ′ + ′C a C a a a( , ) ,δ δ δ δ δ2 1 1
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δ U UxSNL ySNL
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 ( ) ( )∆ ∆ ∆= − − −ω ωy x ySNL xSNLV V (39)
Eq. (38) has the same form as Eq. (36). The same analysis of the coupling function can
be made and the same results are obtained with the new values of ′a  and ′δ , replacing
∆ω y  by ∆ . The maximum of the coupling function ( )C a,δ  is thus
                                 
( ) ( )∆ ∆ω ωy x ySNL xSNLV V− − −
2
              (40)
which is obtained for example by putting
 
′ =δ 0   i.e. Q Qh v=    
( ) ( )
a





− − −∆ ∆ω ω
2
         (41)
In that case, the required value of a  is thus equal to the maximum of the coupling
function. Each plane has then the mean transverse betatron frequency spread
( ∆ ∆ω ωx y+ )/2 to damp the instability represented by the mean instability growth rate
(V VxSNL ySNL+ )/2. When the transverse tune spreads are equal, there is no re-distribution
of Landau damping but there still is a sharing of the growth rates. Therefore, the beam
12
can be stabilised provided that ∆ ∆ω ωx y= t(V VxSNL ySNL+ )/2. The result of the coupling
is thus a transfer of Landau damping from the stable to the unstable plane and at the
same time a transfer of the instability growth rate from the unstable to the stable plane
up to a perfect sharing of both damping and growth.
3 Rigid bunched beam
The case of M  equally spaced and equally populated ( N  particles per bunch) short
rigid bunches is examined. The smooth approximation is still used and the transverse
betatron frequencies ω x y,  are still represented by Eq. (7).
3.1 Transverse coherent resistive instabilities in one plane
This case has been treated by Courant and Sessler[5]. The equation of motion of the pth
particle in the mth bunch (taking for example the horizontal plane) is given by
     ( ) ( )m x x U dPd W x G Qp x p p x
xm
x
r r p x0
2
02




  + −∑ ∑in the th bunch in the beamΩ     (42)
Here ω x p,  is the horizontal betatron frequency of the pth particle, U x  and Wx  are real
coefficients that depend on the geometry of the beam and the vacuum chamber,
( / )dP d xϑ  is the horizontal dipole moment per unit azimuthal angle ϑ  and
Qx x0 0= ω / Ω  is the tune at the centre of the horizontal spread. The function G  takes
into account the contribution of the rth particle to the horizontal wake-field at the place
ϑp  and at the time t  from all its previous turns, given by



















∞∑   ;   0 2< ≤ϑ pirp        (43)
and defined to be periodic in ϑ ϑ ϑrp r p= −  with period 2pi . There are as many
equations (42) as there are particles in the beam ( NM ). But this huge amount can be
reduced to M  by summing over all the particles in a bunch assuming that each bunch
oscillates as a rigid unit. The system of equations may then be cast into the eigensystem
        ( )A I Xx x− =λ 0    (44)
Here I  is the M M×  identity matrix. The vector X  and the matrix Ax  are of the
form
  [ ]X D D Dx x xM t= −0 1 1, , ..., (45)































with, for r M= −1 2 1, ,..., ,






















Here ∆ϑ  is the (common) length (in angle) of the bunches and D N xxm m= < >
( m M= −0 1 1, ,..., ) is the horizontal dipole moment of the mth bunch. The eigenvalues
are related to the mode-frequencies through
       
( ) ( ) ( )λ ω γ ρ ω ω
ω ω
















0 0 02 ∆ (48)
By solving the eigensystem (44), the M  eigenvalues of λx  can be found and the M
coherent oscillation frequencies ω  (which belong to the M  rigid-bunch modes)
deduced.
3.2 Transverse coherent resistive instabilities in coupled transverse planes
This chapter extends the results to the case of coupled transverse planes. The equation
of motion of the pth particle in the mth bunch, in the horizontal plane, is given by
( ) ( )m x x U dPd W x G Q K yp x p p x
xm
x
r r p x sq p0
2
02




  + − + ′∑ ∑in the th bunch in the beamΩ  (49)
with
′ =K K msq sq 0γ   (50)
where Ksq  is defined by Eq. (3). A similar formula is obtained for the vertical plane by
reversing the role of the variables x  and y  in Eq. (49). Following the same steps as
above leads us to the eigensystem, for the horizontal plane,
    ( )A I X K Yx x sq− = − ′λ   (51)
and similarly for the vertical one. To be consistent, the following eigensystem must be
satisfied
       ( )A K I Ysq− ′ =2 0 (52)
where A  is a matrix defined by
( )( )A A I A Ix x y y= − −λ λ (53)
with, for r M= −1 2 1, ,..., ,
[ ] ( )( )A A A A A A A Ax x y y x yM xM y0 0 0 1 1 1 111= = − − + + +− −, ...λ λ
(54)
[ ] ( ) ( )A A r A A A A A A A A A Ar x x yr x yr xr y y xr yM xM yr= + = − + + + − + + +− + − − +1 1 0 1 1 0 1 1 1 1, ... ...λ λ
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 ;   m M= −0 1 1, ,...,  (55)
This leads to M  dispersion relations
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or equivalently, to obtain a form similar to the coasting beam Eq. (11),
     ( )( ) ( )( )ω ω ω ω ω ωm x m x m m y m y mj j a− ′ + ′ − ′ + ′ =0 0 2∆ ∆ (57)
where
     ( )′ = −  
=
−





x yA e m0 0 0 0
0
1 2
0 0 02, , , ,Re /  (58)
     ( )∆ ∆′ = −  
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x yA e m, , , ,Im /
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By virtue of Eqs. (57), (59) and (60), the transverse instability growth rates with neither
(horizontal to vertical) coupling nor Landau damping are given by
           



























































They depend on Im( G x( , )2pi ) which is a well-known periodic function, with period
∆x = 1, that is plotted in reference [6]. In practice, the value of Im(G) is determined by
subtracting an integer from ( ) /
,
Q m Mx y0 0 +  to obtain a value between 0 and 1. It then
remains to read the value of Im(G) on the plot. The M  dispersion relations of Eq. (57)
lead to 2 M  coherent oscillation frequencies. Knowing the solutions ωm , the rigid-
bunch (or coupled-bunch, referring here to the coupling between the bunches and not to
the horizontal to vertical coupling) modes can be determined by solving the
eigensystem (52) with respect to Y . In this way, M
 
rigid-bunch modes are found and
the relations between the dipole moments of the bunches, in the mth rigid-bunch mode,
are the same for coupled as for uncoupled planes:
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      (62)
3.3 Stability criterion for Lorentz spectra
The dispersion relation obtained for rigid bunched beams, in a given mode, has the
same form as the one for coasting beams. The same analysis can be made and similar
results are obtained. The stability criterion can therefore be written:
Rigid bunched beams, in the mth rigid-bunch mode, are stabilised against transverse
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By analogy, the minimum value of the normalised skew gradient needed for the
damping can be obtained for each rigid-bunch mode:















2min δ ω ω ω ω
ω ω ω ω
ω ω
= ± − ′ ′






As in the case of coasting beams, there exist two stability regions for ( ) ( )K m0 δ . The
two stability regions for the normalised skew gradient K 0  and the tune split δ  are
therefore determined by the intersection of M  stability regions in the upper plane and
symmetrically for the lower one. The case of a beam constituted by M = 3  bunches is
represented below.





Fig. 4: Normalised skew gradient vs. central betatron frequency separation for rigid bunched beams with
M = 3.
4 Bunched beam with head-tail modes
Pellegrini and, independently, Sands[7] showed that fast wake fields (i.e. fields that
provide an interaction between the particles of a bunch but have a negligible effect on
subsequent passages of the bunch or of other bunches in the beam) together with the
16
internal circulation of the particles in a bunch can cause “internal coherent modes”
within the bunch to become unstable. This section extends the results, introducing
17
coupling between the two transverse planes into the Landau damping calculation of
head-tail modes. Adding for the moment only the coupling (see Eq. (3)), the equation of
motion of the pth particle in the bunch, in the horizontal plane, is given by
      ( ) ( ) ( ) ,x x x t K yp x p p p k
k
k p x k p sq p+ + = − + − +∑ω ητ τ τ χ τ τ2 1 2 (65)
with
η ξ α= −1 /  (66)
Here α  is the momentum compaction factor and ξ  is the chromaticity (which
determine the change of orbit length and tune with momentum via ∆ ∆Ci Ci p p/ /= α
and ∆ ∆Q Q p p/ /= ξ ), ω x p,  is the horizontal betatron frequency of the pth particle, τ p
is the time-of-arrival of the pth particle at some azimuth measured with respect to the
time-of-arrival of the synchronous particle of the bunch, ( ) ( )x tk k p x k p− + −τ τ χ τ τ  is
the wake force on particle p due to particle k. One takes it that the force on particle p at
the time t is proportional to the betatron displacement of particle k at the earlier time
′ = − +t t k pτ τ , modified by some wake function ( )χ τ τx k p−  which describes the
transient decay of the wake. A similar formula is obtained for the vertical plane by
reversing the role of the variables x  and y  in Eq. (65). We look for particular solutions
of the form
  
( ) ( ) ( )x t X t ep p j t p= +ω ητ              ( ) ( ) ( )y t Y t ep p j t p= +ω ητ                 (67)
where ( )X tp  and ( )Y tp  are slowly varying functions of t, including both the amplitude
and phase pertubation on the betatron motion. Substituting this form into Eq. (65), and
dropping terms of second order smallness, we find
  















              
( ) ( )( ) ( )W t epkx j x k pk p= −− − −12 1ω χ τ τω η τ τ (69)
Assuming a linear restoring force for the synchrotron oscillations so that τ  oscillates
harmonically at the synchrotron frequency ωs , one has
  ( )τ ω φp s p s pA t= +, cos  ( )τ ω φk s k s kA t= +, cos     (70)
Since we are generally interested in small perturbations which give only small changes
in one synchrotron period, one can for most purposes replace ( )W tpkx  by its average
value over one synchrotron period. We define (with Ts s= 2pi ω/ )












 is then independent of time and depends only on the two amplitudes
As p,  and As k,  and the relative phase φ φk p− :
          ( )W W A Apkx x s p s k k p= −, ,, ,φ φ   (72)
Following Sands, we now take a particularly simple model for ( )χ τx , namely
    








for    (73)
This wake is zero in front of, and constant behind, the particle (assuming also that it
drops to zero after all the particles of the bunch have passed). Sands has also considered
a wake which corresponds to the resistive-wall effect and the results are qualitatively
similar[8]. We will therefore concentrate on the previous model. Considering ωτ << 1,
the exponent in Wpk
x
 is then small and Eq. (69) takes the simpler form
 
( ) ( ) ( )W t jpkx k p x k p= − −  −12 1ω ω ξα τ τ χ τ τ      (74)
Therefore,
 W









ω    (75)
where Rpk  writes
             ( )R A A A Apk s p s k s p s k k p2 2 2 2= + − −, , , , cos φ φ  (76)
We have now to choose the distribution of particles in synchrotron phase space. Again
following Sands, we consider a “hollow-bunch” model in which all the particles have
the same synchrotron amplitude As , but uniformly distributed phases φ  of the
synchrotron oscillations. Eq. (68) then simplifies to



















∫2 2 22 2     (77)
We will now introduce Landau damping considering Lorentz betatron frequency
spreads described by Eq. (7). Summing over all the particles in the bunch, and using
 ( ) ( )X t N X tφ φ, ,
in the bunch



















    (78)
we obtain, making the usual assumption of Eq. (8),
  
( ) ( )
( ) ( ) ( ) ( )
ω ω ω φ
pi










W X t d
K
Y t j X t
0
02 2
− + < >=




, ,  ,
    (79)
This equation can be solved by expanding < >X  and  < >Y  in Fourier series in φ :
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 ( ) ( )< >=
=




 ( ) ( )< >=
=




       (80)
Defining the number







a x jmN W e d= − −
−
∫2    (81)
we obtain
            
( ) ( ) ( )
( ) ( )












































           (82)
Multiplying this equation by e j− µφ  (with µ = 0 1 2, , ... ) and integrating over all φ , we get
   
( ) ( ) ( ) ( )ja t j a t K b tx x a sq
x
µ µ µ µω ω ω ω ω
+ − + + =0
02
∆ ∆  (83)
A similar equation is obtained by reversing the role of the variables a and b, x and y.
We define
  ∆ ∆ ∆ω ω ω ω ωµa b
a b









We therefore have to deal with the following system
( ) ( ) ( )a t k a t K b tx xµ µ µ= −
(85)
( ) ( ) ( )b t k b t K a ty yµ µ µ= −
with
( ) ( )k j k jk jx y a b x yR x yi a b x y a b x y, , , , , , , ,= = + = − + + + −∆ ∆ω β ω α ω ωµ µ 0 0
(86)
              ∆ω α βµ µ µa b a b a bj, , ,= +   K jKx y sqx y, ,= ′
Note that in the definition of ∆ωµa b
,
 we use + βµa b,  whereas Sands uses a minus sign and
that we consider ω  real in this section 4 (whereas it was a complex number in sections
2 and 3). Thus, for each mode µ , αµa b,  are the transverse real frequency shifts and
− βµa b,  are the transverse instability growth rates with neither coupling nor Landau
damping. Eqs. (85) lead to the second order differential equation
         
( ) ( ) ( ) ( ) ( ) a t k k a t k k K a tx y x yµ µ µ− + + − =2 0    (87)
with
K K Kx y
2
=  (88)
Looking for solutions of the form edt , one has to solve the characteristic equation
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                  ( ) ( )d k k d k k Kx y x y2 2 0− + + − =    (89)
The determinant is
        Det A jB′ = ′ + ′  (90)
where ′A  and ′B  are real numbers given by
( ) ( )′ = − − − − ′A k k k k KxR yR xi yi sqxy2 2 24
(91)
( )( )′ = − −B k k k kxR yR xi yi2
with
       ′ = ′ ′K K Ksqxy sqx sqy
2
   (92)
The two roots of the characteristic equation are (by analogy with Eq. (16))
    










± = − + − + ±
′
′
























          (93)
with ′ ′ =B B/ 1 when ′ =B 0 , making the commonly used assumption
2 0 0ω ω ω= +x y . The two solutions of Eq. (87) are therefore given by
        
( ) ( )a t a ed tµ µ± ±= ±0  (94)
Coherent motions of the form edt  are considered; therefore, for each solution d, ( )Im d
describes the coherent oscillation frequency and ( )Re d  describes the instability growth
rate. Thus, to be stable, a coherent oscillation mode must satisfy ( )Re d ≤ 0 . From Eq.
(93), in the absence (resp. presence) of coupling, the real parts of d±  write
 ( ) ( )Re , ,d a b x y± = − +β ωµ ∆  ( ) ( )Re , ,d Ca b x y± = − +β ωµ µ∆ #  (95)
where Cµ  is a coupling function given by
  





















     (96)
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By definition of the growth rates with neither coupling nor Landau damping and the
usual dispersion relation coefficients U x y
SNL
,
 and Vx y
SNL
,
, we have for each mode µ
 ( ) ( )− = =−β τµ µ µa b x y x ySNLV, , ,0 01     ( )αµ µa b x ySNLU, ,= −  (97)
Defining
( )′ = − = +ω ω ω αµ
µ µx y x y x y
SNL
x y
a bU0 0 0 0 0 0, , , ,
,
( )∆ ∆ ∆′ = − = +ω ω ω βµ




, , , ,
, (98)
                              A Aµ = − ′      B Bµ = − ′
and considering ′ ′ =B B/ 1 (this is only a problem of convention with the sign chosen
in Eq. (95)), we have
    C
A A By x
µ
µ µ









              (99)
which is exactly the same coupling function (for each mode µ ) we found in Eq. (18),
with the same definitions for Aµ , Bµ  and ∆ ′ω
µ
x y, . The analysis made in section 2 for a
coasting beam is therefore also valid here and the results concerning the stability
criterion and the sharing of Landau damping for head-tail modes are the same as for
coasting beam modes.
5 General coupled stability criterion for Lorentz spectra
We have demonstrated, using Lorentz spectra for the transverse tune spreads, that the
stability criteria are the same for coasting and bunched beams (with both long or short-
range interactions). This is perhaps not surprising because in the three cases we had to
solve more or less the same differential equation. The stability criterion can then be cast
into the following general form:
Coasting and bunched beams are stabilised against transverse coherent instabilities with




 (i.e. growth rates in the absence of frequency spread and coupling)
if:
 
( )C K Q Qh v x x

















We recall that C  is a coupling function defined by Eq. (18) and discussed in detail in
section 2.5, K 0  is the normalised skew gradient introduced in Eq. (1), Q Qh v−  is the
(coherent) tune separation and ∆ω x y,  are the transverse betatron frequency spreads
introduced in Eq. (7).
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6 “Elliptical” spectra
An important assumption that we have made so far in this paper is the Lorenz spectrum.
We know that this is a very particular distribution that has infinite tails and therefore
provides more stability than a finite spectrum. We have shown that the stability criteria
for uncoupled and fully coupled planes (see section 2.5) have a similar form. They only
depend on the contribution of Vx y
SNL
,
. This phenomenon is due to the infinite tails of the
Lorentz spectrum: whatever the value of U SNL  is, the coherent betatron frequency is
always within the distribution of the incoherent betatron frequencies and thus leads to
Landau damping. A more realistic distribution has finite tails and the value of U SNL  can
be such that the coherent betatron frequency falls outside of the spread which means
that there can’t exist Landau damping any more. Therefore, to be more complete in the
analysis of coupled Landau damping, one needs to consider a finite spectrum in order to
see the effect on the coupling theory. Let us discuss the “elliptical” case[9], knowing
that Lorentz and “elliptical” spectra are limiting cases and that realistic spectra are
probably between them. By coupling the transverse planes, we hope to make the
coherent betatron frequencies fall into the incoherent betatron frequency spreads and
thus stabilise the beam. Guided by the results of sections 3 and 4, we can assume that it
is sufficient to consider the case of a coasting beam.
The distribution function of an “elliptical” spectrum in the horizontal plane is defined
by[9]
      


























The dispersion integral is given by[9]
    
( ) ( )ρ ω ω










+∞∫ ∆  (103)
with
        
− − = −j u u1 12 2       for    u < −1 
(104)
        











The stability criterion in the absence of coupling is well-known and given by




SNLU jV≥ +2  (106)
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Considering the case of coupled transverse planes with elliptical spectra for the
horizontal and vertical motion, the dispersion relation writes
     
( ) ( )
( ) ( )
ω ω ω ω ω
ω ω ω ω ω
− − − − + + 



























      (107)
where a is the coupling coefficient already defined in Eq. (10). The first thing one can
observe, in comparison to Lorentz spectra, is that only a certain range of coupling
values will stabilise the beam. Indeed, if the coupling is too large, the coherent betatron
frequency will fall outside of the spread. Therefore, one has to optimise the coupling. A
second observation is that in the case of Lorentz spectra, the sharing of the stability for
coupled planes is obtained asymptotically for large coupling (see section 2.5). We can
imagine that a similar situation holds for elliptical spectra but one has to find the
optimum value of the coupling, as too strong coupling is detrimental.
To show the transfer of Landau damping from the stable to the unstable plane, we will
consider the particular case of a stable vertical plane with an elliptical spectrum but
without impedance, and an unstable horizontal plane without spread but with an
arbitrary impedance. Thus, we have to solve the following dispersion equation
          ( ) ( )ω ω ω ω ω ω ω− + + − − − −  =x xSNL xSNL y y yU jV j a0 0 2 0 2 22∆        (108)
Putting the term with the square root in the r.h.s of the equation and squaring, we obtain
   
( )
( ) ( )( )
ω ω
ω ω ω ω ω
− + +

















44 4 4 0∆ ∆
   (109)
If the coupling is given by a y= ∆ω / 2 , one has
 
( )
( ) ( )ω ω
ω ω ω
ω ω























           (110)
A stability criterion is deduced
( )( ) ( )∆ω ω ωy xSNL x y xSNLU V≥ − − +2 0 0 2 2                           (111)
This is a very interesting result that reveals several things. Firstly, it demonstrates the
sharing of Landau damping from the stable vertical to the unstable horizontal plane,
relating the vertical spread to the horizontal impedance. Secondly, when ω ωx y0 0= , the
same criterion as in the case of uncoupled planes is found. Thirdly, Eq. (111) exhibits
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another important feature of the coupling: the possible cancellation of the effect of
U x
SNL
. Indeed, adjusting conveniently the tune separation (ω ωx xSNL yU0 0− = ), i.e. on
the resonance Q Qh v=  (see Eq. (34)), the stability criterion becomes
   
∆ω y x
SNLV≥ 2                                                 (112)
which resembles the criterion obtained with the Lorentz spectrum (where ∆ω y  is
defined as the half width at half maximum whereas in the elliptical case, ∆ω y
represents the half width at the bottom of the distribution).








                                                   (113)
Eq. (109) can be written in the same way as in the Lorentz case (see Eq. (11)):
 ( )( ) ( )( )ω ω ω ω ω ω− ′′ + ′′ − ′′ + ′′ =x x y yj j a0 0 02∆ ∆              (114)
with
                   ′′ = −ω ωx x x













 ∆ ′′ = −ωx x














By analogy with Eq. (16), the imaginary parts of the two coherent oscillation
frequencies are given by















    (116)
where A0  and B0  are real numbers given by
( ) ( )A ax y x y0 0 0 2 2 024= ′′ − ′′ − ′′− ′′ +ω ω ω ω∆ ∆
(117)
( )( )B x y x y0 0 02= ′′ − ′′ ′′− ′′ω ω ω ω∆ ∆
This yields a necessary condition for stability
           ∆ ∆′′+ ′′ ≥ω ωx y 0    (118)
which leads to the inequalities (including the case κ = 1 already treated)
                1 2≤ ≤κ     (119)
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Adjusting conveniently the tune separation (on the resonance)
ω ωx x
SNL
yU0 0− =    (120)
a second stability condition is given by





0   (121)
which provides another inequality



















In the particular case of a vertical plane with an elliptical spectrum but without
impedance and a horizontal plane without spread but with an impedance, a stability

















We see that for a given frequency spread ∆ω y  that verifies ∆ω y x
SNLV≥ 2 , we can
choose a coupling coefficient a  between ∆ω y / 2  and ∆ω y / 2 . If one want to use a
frequency spread ∆ω y  that is smaller than 2Vx
SNL
 then the possible range of the
coupling coefficient a  decreases up to a single value ∆ω y / 2  obtained when
∆ω y x










The criterion (124) resembles the Lorentz one with the difference that now we have an
upper limit for the coupling strength. We recall that the definition of the Lorentz spread
is not the same as the one of the elliptical spread. We use the half width at half
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maximum for the first distribution and the half width at the bottom of the distribution
for the second one. But, a fair comparison of two spectral shapes can be made when
they have the same half width at half maximum ∆ω y
1 2/
. The relation between ∆ω y
1 2/
and ∆ω y  is given by[9]







elliptical           (126)
 Therefore, the criterion (125) writes





=   (127)
for Q Qh v=  and a y= ± 2 3 1 2/ /∆ω .
In the general case of elliptical spectra and arbitrary impedances in the horizontal and
vertical planes, the stability criterion may resemble that of the one-dimensional case for
a value of the coupling that has to be determined. The interesting parameter is now the
sum of the two frequency spreads ∆ ∆ω ωx y+ .
7 Conclusion
Four parameters can be used to Landau damp transverse coherent instabilities.
Octupoles provide tune spreads for Landau damping in each plane. If a coherent
instability remains in one of the two planes then linear coupling together with the tune
separation Q Qh v−  can be used to transfer Landau damping from the stable to the
unstable plane.
In the Lorentz case, if the sum of the spreads ∆ω x y,  is greater than the sum of the




 with neither coupling nor Landau damping,
then it is possible to stabilise the beam in the two planes by increasing the normalised
skew gradient K 0  and/or getting closer to the coupling resonance Q Qh v= .
However, in practice the coupling had to be optimised because real frequency spreads
have finite tails (unlike Lorentz spectrum). If the coupling is too small, there is not
enough Landau damping transferred to the unstable plane. If the coupling is too large,
the coherent frequencies fall outside of the incoherent frequency spreads and there can’t
exist Landau damping any more. Thus, the stability is obtained for coupling values that
belong to a certain range. We studied this effect in the particular case of a vertical plane
with an elliptical spectrum but without impedance and a horizontal plane without
spread but with an arbitrary impedance. We derived an optimal stability criterion that
writes Q Qh v= , ∆ω y xSNLV=  and a y= ±∆ω / 2 . In the general case, a stability
criterion similar to that of the one-dimensional case (with ∆ ∆ω ωx y+ ) may exist for a
particular value of the coupling that has to be determined.
We have demonstrated in this report that, with linear coupling and tune separation, two
degrees of freedom were available to find new working points. It is very interesting to
use these parameters in addition to octupoles for Landau damping because it avoids to
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List of symbols
a Coupling coefficient defined by ( )a K R x y= 0 2 2 0 02Ω / ω ω
As Synchrotron amplitude of the time-of-arrival τ
Bx Horizontal magnetic field
c Velocity of light
Ci Circumference of the machine
Dx





< >Ft Average of the transverse force over the beam cross section( )G Qrp xϑ , 0 Function that takes into account the contribution of the rth particle to
the horizontal wake-field at the place ϑp  and at the time t  from all
its previous turns
I M M×  identity matrix
I0 Beam current
j = − 1 Imaginary unit






, Transverse coherent and incoherent space-charge forces (generalised




 Transverse external focusing forces
m M= −0 1 1, ,..., Rigid-bunch mode number
m0 Proton rest mass
M Number of bunches of a beam
N  Number of particles in a coasting beam, number of particles per
bunch in a bunched beam
p Particle momentum
p0 Ideal momentum, corresponding to a particle travelling on the design
orbit
Qh v, Transverse coherent tunes defined by ( )Q Uh v x y x ySNL, , , /= −ω 0 0 Ω
Qx y0 0, Central tunes defined by Qx y x y0 0 0 0, , /= ω Ω
rp  Proton classical radius
R Radius of the machine
s  Azimuthal coordinate
t Time







Dispersion relation coefficients of Sessler, Neil and Laslett, for the
horizontal and vertical planes
U x y, , Wx y,  Real transverse coefficients that depend on the geometry of the beam
and the vacuum chamber
x y, Horizontal and vertical betatron coordinates of a single particle
< > < >x y, Transverse betatron coordinates of the beam centre
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Z0 377= Ω  Free space impedance
Zt Transverse coupling impedance
α Momentum compaction factor defined by ( ) ( )α = ∆ ∆Ci Ci p p/ / /
( )α ωµ µa b a b, ,Re= ∆ Transverse real frequency shifts of mode µ  in the absence of
coupling and Landau damping
β Relativistic velocity factor
( )β ωµ µa b a b, ,Im= ∆ Transverse instability growth rates of mode µ  in the absence of
coupling and Landau damping
γ Relativistic mass factor
δ Central betatron frequency separation defined by δ ω ω= −x y0 0
δ0 Central betatron frequency separation, defined by δ0 = −U UxSNL ySNL ,
which corresponds to the coupling resonance Q Qh v=
∆ p  Peak amplitude of the transverse beam oscillations
∆ϑ Common length (in angle) of the bunches
∆ωx y, Measures of the width of the distribution functions ρ ωx y x y, ,( )  (half
width at half maximum for a Lorentz spectrum, half width at the
bottom of the distribution for an elliptical spectrum)
∆ωx y,
/1 2 Half width at half maximum of the transverse betatron frequency
spreads
∆ωµ
a b, Horizontal and vertical complex frequency shifts of mode µ  in the
absence of coupling and Landau damping
ϑ Azimuthal angle defined by ϑ = s R/
µ = 0 1 2, , ... Head-tail mode number
ξ Chromaticity defined by ( ) ( )ξ = ∆ ∆Q Q p p/ / /
ρ ωx y x y, ,( ) Distribution functions of the transverse betatron frequency spreads
τ Synchrotron oscillation coordinate: time-of-arrival of a particle of a
bunch at some azimuth measured with respect to the time-of-arrival
of the synchronous particle of the same bunch
τ x y0 0
1
,
− Transverse instability growth rates in the absence of coupling and
Landau damping
τ x y,
−1 Transverse instability growth rates in the absence of coupling
φ Synchrotron oscillation phase displacement of the time-of-arrival τ
( )χx t Function that describes the transient decay of the horizontal wake
ω Coherent betatron frequency (complex number, excepted in section 4
where it is a real number): ( )Re ω  is the real coherent oscillation
frequency and ( )− Im ω  is the instability growth rate
ωs Synchrotron oscillation (angular) frequency
ω x y, Transverse betatron frequencies of a single particle
ωx y0 0, Central betatron frequencies of the distribution functions ρ ωx y x y, ,( )
Ω  Common revolution frequency of the particles
( / )dP d xϑ Horizontal dipole moment per unit azimuthal angle ϑ
. Derivative with respect to t
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